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1. Find the characteristic polynomial, the eigenvalues and the eigenvectors of the following

matrix: (20%)

2 1 -1
A=|3 2 3
31 2

2. Prove the following vector theorem: (20%)
if Viu=0
and Vxu=w
then V>u=V-Vu=-w and write out in Cartesian components if
u= u1;+u2}'+u3lz and o= a)1;+ a)z}'+a}31:t
Explain the physical meanings in fluid mechanics.

(Hint: use the vector identity of vector triple products
Ax(BxC)=(4-C)B-(4-B)C )

3. Solve the following initial value problem by the Laplace transform method; plot the input,
output graphs and also interpret the physical meanings in hydrology: (20%)
V'+3y'+2y=06(1-1)-56(t-2)
y(0)=»'(0)=0

where & is the Dirac delta function.

4. Find the Fourier series expansion of the following period function f(x): (20%)
f(x)=x-2L 2L<x<3L
=x—-4L 3L<x<A4L
and f(x+2L)= f(x).

5. Solve the following partial differential equation in a square cavity by using separation of

variables and Fourier series expansion method
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Vzu:i+@ 0<x<1 and 0<y<l1
ox~ Oy
(1) Subject to the boundary conditions (BCs): (10%)
u(x,0)=u(0,y)=u(l,y)=0 and u(x,1)=1
what is the name of this equation, and where it appears in engineering?
(2) Subject to the BCs: u(0, y) =u(x,0)=0 and u(x,1)=u(l,y)=1.(10%)

(Hint: use the superposition principle)

iEH
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1. Ax=Ax, (A-ADx=0
2-4 1 -1 Tx
3 2-1 3 |x|=0, [A-Al]=-(A-D(A+1)(1-2)
3 1 2-2|x
R A, FEEE A =1, 1, 2

A =-1 eigenvectors
31 -1 x (0]
33 3|lx,|=0, x=¢|l
31 -1 x 1

2, - Vx(Vxu)=V(V-u)—(V-V)u
RAEEESEV-u=0, Vxu=0
BVxo=V0-V’u, Vu=-Vxo, BEHVU=-0 G

vz(u;+u2;-+u3;;)=_[i;+i}+izzjx(@;+w2}+w3%)

ox oy 0Oz
Vi =[98 00y oo (0@ Owy) op (0w, Oay
! o oz ) 7 oz ox ) ox oy
2 2 2
tipy2- 9,0 O

AP AP
Tt SRR, A 2R AR A
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3. L[y +3y' +2y]=L[S(t-1)=6(t—2)], s*Y+3sY+2Y =™ —e >
Y:;(e—s_e—ZS):(L_ 1 j-(e_s—e_zs)

5% +35+2 s+1 s+2

v (L D) (Lt
s+1 542 s+1 s+2

y=u(t-1)-[e "D -2 D]yt -2) [e D — D]

f(@ S(t-1) (1)

~5(t-2)

Ho<t<1, y()=0, Hl<t<2, y@)=e D 2D
1) =0, y2)=¢' -

EHi>2, y@)=[e V-] [P — ]
2" =(e"-e?)-0, y(w)=0

physical meaning: 7F MCK %&fiH, m=1, ¢=3, k=2, input f(f)

. k
O
m —— f(1)
-
_IC_I AL
1E ¢ =1sec, HEM—BINTIEMT&R, ¢=2sec, HENIE—BIff&
4.
A f(x)
=x-2L
Lt f=x

i : 3:L/I4 L
) Nf=x-4L
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f(x) BB 2L 78R, HY Fourier sine series
= . NTX 2L . NITX
f(x)= ; b, sin—=, b, = Z-[O f(x)sdex

L

2¢L . 2 -L

b, :—I asin gy = 2. 7% g cos 2L
L L L nm

2L, .,
===
0o nr

nwx

_ S 2_L_ n+l _:
f(x)—zm( )" sin

2 2
Gu, O, XXy =0

6x2 6‘yz A
£:_Y_:,1, X"—AX =0, Y"+1Y =0 !
X Y 0

5. (1) T u(x,y)=X(x)-Y(y) fXA

X(0)=0, X(1)=0, Y(0)=0
BA>0, FA=p4%, >0, X =c coshfx+c,sinhfx
KAXW0)=0, ¢=0, KAX1)=0, ¢, =0
HA=0, X=c +cx, fLAX(0)=0, ¢,=0, X(1)=0, ¢, =0

BHA<0, A=—p%, f>0, X =c cosfx+c,sinfix

KA X(0)=0, ¢, =0, X =c,sinpx

KRAXD)=0, c,sinf=0

B p=nr, n=1,273, ¢, BITEH

BHEIE A, =—p% = 7", BB X, (x) = ¢, sinnzx

WA, =’ (RAY"+AY =0, Y'—n*2’Y =0, Y =k coshnzy +k,sinhnzy
KAY(0)=0, k=0, Y=k, -sinhnzy

PDE Zf#u=X(x)-Y(y)=c,sinnzx-k,sinhnzy, T B, =c, k,

u(x,y) =B, -sinnzx-sinhnzry, n=1,2.3,---
2 2
st PoE L+ X o ik
ox~ 0oy

5% PDE S@f% u(x, y) = Z B, -sinhnxy-sinnzx

n=1

KA u(x, ) =1= i B, -sinhnz -sinnzx

n=1

105-6



1
1sin nrxdx |
B, -sinhnrx =(i— , B, =—[1-(-1)"]-
.[0 sin? nzxdx nz

sinh nr

0

u(x,y) = z ismhﬂ -sinnzx f% PDE Zfi#
nal3s M0 sinhnz
K82 PDE fif5 Laplace equation, fBFEERRET,
MR (or HHEE (L) 701
2 2
() 4.0
ox° Oy

AY
u=

0

R BRI, 7 u(x, y) = v(x, y) +w(x, )

v(x,y) {ﬁﬁﬁﬂJra—::O
oy

yv=1
v=0 v=0
> X
v=0
6 0?
W(xy){ﬁ%E L ;V 0
8y
Ay
0
0 w=1
> X
0 Y
L v = 3 A sihnmy
a5 nw sinh nsxr

FI P PR AEREHA A w(x, y)
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w(x,y) =v(X,Y) =v(y,x) Z iﬂ - smmry
3

n=1,3,5

u(x, y) = v(x, y)+W(x y)

u(xyzz

n=1,3

(sinh nzy-sinnzx+sinhnzx-sinnry)
nw smh nrw

0
,5
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