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1. Use the Laplace transform to solve the initial value problem %+ y=f(@); y(0)=0,
where (8%)

f(t)={

1 for 0<t<5
2 for 5<¢

2. Let A=| |[1,2,3,4].(32%)

1
1
1
1
(1) Determine the rank of 4.

(2) Find a basis for the row space of A4 .

(3) Find a basis for the column space of 4 .

(4) Find the conditions on b under which the system Ax =5 is consistent.
(5) Determine det 4.

(6) The characteristic equation of A can be expressed as
ps(AD)=det(4d-A) =al™(A-B)",where a, B(#0),and m are constants.

Determine f, m,and n.

(7) Determine the dimension of the subspace spanned by the eigenvectors associated with
1=0.
(8) Solve the system x = Ax with x(0)=[0, 1,1, 517

3. (12%)
(1) In a 2D rectangular coordinate system, V is defined as 6/6xf +6/6y}', where 7
and j are unit vectors in the x and y directions, respectively. Given a scalar
field u(x,y), please explain the physical meaning of its gradient, Vu.

(2) Given a vector field v(x,y)=v,i+v,j, where v, and v

, are its x and y

components, respectively, please explain the physical meaning of its divergence, Vv,
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7.

(3) Please explain the physical meaning of the curl of v, Vxv.
(4) Please offer examples of applications of all three operations above in a scientific or
engineering field. Be specific: first explain why a given operation is needed and then

demonstrate how it helps analyze the given example.

The 1-D heat equation reads a’u_ =u,, where u =u(x,t) is the temperature at time ¢
at the point x, and « is the diffusivity of a given material governed by the equation.
The solution to its initial-value problem, where the initial temperature u(x,0) = f(x) is
given, in an infinite domain -0 < x<w, 0<f<oo,is

exp[~(£—)* /4’ |

2ant

Suppose we let f(x)=0(x—x,), where o(x) is the Dirac delta function, the solution
exp[—(x— xo)2 /4a2t]

205\/;

[s there anything unphysical in this solution? Why? (8%)

ueen=[" 1)

é.

reduces to u(x,t) =

. What is the physical meaning of this solution?

Consider a set of orthonormal functions ¢,(x) obtained from a set of linearly
independent function ¢, (x) and given by:

¢ (x) = c; ¢ (x)

$,(x) = 2,0 (X) + 00, (x)

$5(x) = 3101 (x) + €350, (x) + 3305 (x)

.................................. where c’s are constants to be determined.

Please generate a set of polynomials ¢, (x) orthonormal in the interval (—1,1) from the
sequence {1, X, x>, x>, ... } and derive the first three terms ¢ (x), #,(x), and
@, (x) . From this orthonormalization process, which type of special function can be
obtained? (10%)

A signal f(¢#) has its corresponding Fourier spectrum of F(w)= . Use the

o +4
Fourier transform to find f(¢), —oo<t<o.(8%)

(12%)

(1) Expand the function f(x)=1- X%, —% <x< % into Fourier series.
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(2) From (1), find the series l—l+l—i+i—
4 9 16 25

. . . . I
(3) Given that the finite Fourier cosine transform of f(¢), 0<¢< 5 is

1n n=0
~ 24 .
F.(n)= ot Find f(¢).
D =1,2,3
4n’n? T

Imagine you worked as a mechanical engineer and were asked to design a spacecraft able

to perform atmospheric reentry, that is, entering and travelling through the gases of a

planet’s atmosphere from outer space (Fig. 1). Consider the following questions: (10%)

(1) During the later stage (at lower altitudes, as air density increases, depicted
schematically from point 1 to point 2 on the trajectory in Fig. 1) of the atmospheric
reentry, the spacecraft heats up due to the friction with the atmosphere of the planet.
To analyze the temperature distribution of the thermal insulator on the surface of the
spacecraft (see inset of Fig. 1), a revised heat equation with a time dependent heat
source ¢, =q,(t) is necessary. Please write it down (a derivation is not required)
and qualitatively draw ¢, (#) from ¢ (time at point 1) to ¢, (time at point 2).

(2) To prevent the spacecraft from burning up during the reentry, a cooling system (see
inset of Fig. 1) has to be designed. Now, the temperature distribution of the thermal
insulator on the spacecraft is governed by the heat equation with a heat source
q, =q,(t) and a heat sink ¢, =¢.(¢). Please write it down (a derivation is not
required) and qualitatively draw ¢,.(¢) from ¢ (time at point 1) to ¢, (time at point 2)
based on your own design.

(3) Please define an initial boundary value problem (IBVP) of a piece of the thermal
insulator governed by the heat equation in (2). Briefly explain why your IBVP can
help you understand the behavior of the thermal insulator during reentry.

(4) Suppose your IBVP in (3) is too complicated to be solve analytically. What other
approaches you may use to tackle it?

(5) Using the new approaches in (4) other than looking for an analytic solution, how do

you verify that they do work properly?
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4 <—— Trajectory of atmospheric reentry
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Fig. 1. Schematic of atmospheric reentry.
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1. 1) =[u@®)—u(t—5)]-1+u(t-5)-2=u(@®)+u(t-5), L[f()]= Lo 1 s
S N

1
s(s+1)

y=L'y]=0" KLL] e“’S}L‘l KLLJe‘S}
s s+1 s s+1

y=u®)-(I-e")+u-1)-[1-e"7"]

LIy'+y]1=LLf(®)], sY+Y=l(e_OS +e’), Y= (€ +e™)
s

1 1 2 3 4
1 1 2 3 4
A= [1,2,3 4]=
1 1 2 3 4
1 1 2 3 4
1 2 3 4
A RIZ(_l) 3 0000
glsg_g 00 0O
" 0000

(1) rank(4)=1
() {(1,2,3,4)} 5 row(4) FEJE
1

(3) 1 % col(4) FLJE

1
X
@) Ax=b >[4 & A& 4 2 |=b, x4 +x,dy+xd +x, Ay =b
X3

Xq
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1
- 1
1

Wh=a| |ecol(d), a BATES, Ax=b, x G}

1
1
1
1
(5) MR A PUFIZFLT, det(4)=0
(6) Ax=Ax, (A-ADx=0

1-2 2 3 4 Tx
2-4 3 4 | x

)
w
|
NS
N

1
1 X3
1 2 3 4-]x,
HA=0, x=¢, X, +c; X, +c3 X, , BHE =R =
A=0FV=FIR, 4 =2,=4=0
N+ +4+4=t(4), 0+0+0+2, =1+2+3+4, 2, =10
|[4-A1|= 2 (A-10)=al" (A-B)", {3 B=1, m=3, n=1
(7) B4 =2 =2 =010A 4x=2x, RE—EEHHER

X +2x, +3x3 +4x, =0

4 2 3
- 0 -1 — — —
xX=q 0 +c, 0 +c ) =X+ X, +3 Xs
-1 0 0

(X, X,, X;) B2 E( = 0) HIE, BdimEA=0)=3
(8) & 2, =10, fRA(4-ADx=0
9 2 3 47x 1
1 -8 3 4|x, 1
1 2 -7 4|x ’ 1
1 2 3 —6|x, 1

1 4 A1k, 4=sSDs™
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4 2 3 1 000 O A4 0 0
—— -1 0 1 000 O 0 4 0
S=[X X, X3 X,]= , D= =
0 -11 000 O 0 0 4 O
-1 0 0 1 0 0 0 10 0 0 0 4

X =dAx, ©ix=8y, Sy =SDS”'-Sy, ¥ =Dy

" 000 O0ly| »w=0 ,x»n=q
Y2 |00 0 0|y »n=0 ,»mn=c
yil (00 0 0|y | ¥i=0 ,y=¢
Va 0 0 0 10|y, ¥i=10y,, y, =c,e"™

G
- — — . C — N N J—
X=Sy=[X, X, X; X,1| =X ve, Xt X; 4oy X e
C,

elOt

=1

Il

)
N o &

+

o

[SS]
1
o o L
S — |

+

b
1
ol ow

+

o

N
O e —y

AL
0 4 2 3 1
- 1 0 -1 0 1| ¢=-25 ,¢=15
x(0) = = +cy +c4 +cy s
1 0 0 -1 117 =15 , ¢, =25
5 -1 0 0 1
4 ) 3 1 —2.5+2.5¢'%
- -1 1 0 |-1.5+2.5"
x=-25 +1.5 +1.5 +2.5| [ =
0 -1 1 —1.5+2.5¢""
-1 0 1 25+2.56%

3. (1) VuBlaE, BAK/NESE, V)5 EEER T u(x, y) = cost. ZiEfEn °
ViRVl =t 512 A7

(@) Vov= Jim UG Vnds BETAR e ZIBRHGER, ¢ B A 28R -
LA IST, V-5 B BTN v 7tk o
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3) w?:(% 5“];{%/(75%&
ox O

(4) —Vu BIMEDE T, B R
B0, v EARRE  HV.y =0, v ERRERES -
BVay=0. 3 BIERE S -
4. TE—HEBIBEA, oo < x<oo, HlfA e = 0N, RN x, BREER 1,
HBR (x = xp) NLERE u(x 0)=0, FEZE ¢ 3, BVERIR x = +oo B,
A RS . 1) = exp[—l(x—xo)zazt} S B, D (v x)? K
6‘(\/— 4
SR, I 1) T o BB 2 S, TEi=0",
LR u(x,0) = 0 —oo, PEHH

1
2a7-0 ¢
5. Jt/E5T orthogonal polynomials {uy, uy, uz, -}

1
W =1, (u,u)= J._l uuydx =2, ||u1||2 =2, |u|=2,

u, =x—<x’—u1>u1, <x,u1>=lex-u1dx=jjlx-1dx=0, Uy =x

()
2 1 1 2
||u2|| =<u2,u2>=I_luzuzdx=j_1xxdx— ||u2||— 3
2
o () ()
(o) ()

||u3||2:2J"1(x4 _2x2 +ljdx:2[l_g+lj:£
0 3 9 5 9 9) 45

w1 =“_z=\ﬁ =u_s=\/4_7( 2_1)
eIy P Rl S o T PRt Y el

Legendre polynomicals {py(x), py(x), py(x). -, p, (x), -} B -1<x<1Z

orthogonal set
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A0 =L ) = PO g = L2 g < e
|

[l Il P10
4 po 1 .
SO =F[F(@)]==— ¢dw=— e™dx
L’Oa} +4 2792 x* +4
Hi>0, EEL
c+
—0o0 e 0]
1 izt ® 1 ixt . .
J‘+2—e dz+J‘ e dx =2ri-Res(2i)
< z°4+4 “°x"+4
on ¢ :z=Re?, R>w
, 1
izt z eitRe’g » — »
— U i
J‘c+ Zz+4dz_-[0 —Rzei29+41Re do= I 2 29 —2—iRe"dO =0
izt izt
Res(2i) = lim (z - 20— =<~ L2t pe i sampim
z2i ZZ +4 2z 4
0+ff(t)=2m'-ie‘2’, fOy=e*, t>0
2 4i
Hir<0, EMT
e R— o
_
» ixt l zt
dx + dz = -27i-Res(-2i)
wa2+4 L 22+ 4
on ¢ :z=Reé% R
1
izt itRe" .
i0 i0
[ i L”Rz o Re"d0= '[2”R2 SiRe?d6 =0

lZ t

izt
Res(-2) = lim (z+2i)—5—=2—="— (BT
z—>-2i z¢+4 2z -4

2t
—f(t)+0——27n £, f=e¥, t<0
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-2t
, t>0 _ _
fm:{ezt s =F {%}“’, —0 <t <
e 0

, t< o +4
7.
4 f(x)
........ /1\
+ + > X
_3 _1 1 3
2 2 2 2

(1) f(x) iseven, HY Fourier cosine series

0 1 1
1 ¢ > > 11
J(x)=ay+ nzzl a, cos2nwx, a, ] Io f(x)dx ZJ.O (1=x")dx B

2

1 1
1y 2 2
= |2 —a(2q-
ay = .[o f(x)cos2nzxdx 4I0 (1-x")cos2nmxdx

4

1 I

2 8 > .
+—J 2 xsin2nrxdx
o 2nm?0

= i(1 —x?)sin2n7x
2nrw

1
+t— Iz cos2nmxdx = —
0 4dn“r 0

N | =

1

I127Z'2

X COS 2nx

D"

5 f(x)= £+z 21 (=1 cos 2nzx

11 111 1 1 1
2 xX)=—+—|—cos2zx——cos4rwrx+—cos6bxrx——cos8xx+---
( ) f( ) 12 7[2 |:12 22 32 42 :l

at x=0, HEUEE £(0)=1

I—E_‘_L i_i_l_L_i_F...
2
TOR U N U
4 9 16 25

() f() EFERO<t< % , B f(¢) Z Fourier cosine series

f)=a,+ Z a, cos2nrt

n=1
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(_ l)n—l ~ (_ 1)n+1

1
= = 5 [ S — . B A—
a, =F.,(n) 4j0 £(t)cos 2ntdt T

Bil(1), fﬂf(t)=k—%t2
1
F,(n)=4 j 2 f()ycos2ntdt
a, =2J‘2f(t)dt, Ra(n=0)=4j02 S(@)cos0-di =
4I (k— j 1_ r, 111 1](:2, =L
2427 128 9 2 96 4

1
t ———t O<t<—
fro= 4 4 2
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