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1. Use the Laplace transform to solve the initial value problem ( )dy y f t
dt

+ = ; (0) 0y = , 

where (8%) 

     
1 for 0 5

( )
2 for 5

t
f t

t
≤ <⎧

= ⎨ <⎩
 

2. Let 

1
1

[1, 2, 3, 4]
1
1

A

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎣ ⎦

. (32%) 

(1) Determine the rank of A . 

(2) Find a basis for the row space of A . 

(3) Find a basis for the column space of A . 
(4) Find the conditions on b  under which the system Ax b=  is consistent. 

(5) Determine det A . 

(6) The characteristic equation of A  can be expressed as 
( ) det( ) ( )m n
Ap A Iλ λ αλ λ β= − = − , where , ( 0)α β ≠ , and m  are constants. 

Determine β , m , and n . 

(7) Determine the dimension of the subspace spanned by the eigenvectors associated with 
0λ = . 

(8) Solve the system x Ax=�  with (0) [0, 1, 1, 5]Tx = . 

3. (12%) 

(1) In a 2D rectangular coordinate system, ∇  is defined as ˆ ˆx i y j∂ ∂ + ∂ ∂ , where î  

and ĵ  are unit vectors in the x  and y  directions, respectively. Given a scalar 

field ( , )u x y , please explain the physical meaning of its gradient, u∇ . 

(2) Given a vector field ( , ) x yv x y v i v j= +
G G G

, where xv  and yv  are its x  and y  

components, respectively, please explain the physical meaning of its divergence, v∇⋅
G

. 
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(3) Please explain the physical meaning of the curl of v
G

, v∇×
G

. 

(4) Please offer examples of applications of all three operations above in a scientific or 

engineering field. Be specific: first explain why a given operation is needed and then 

demonstrate how it helps analyze the given example. 

4. The 1-D heat equation reads 2
xx tu uα = , where ( , )u u x t=  is the temperature at time t  

at the point x , and α  is the diffusivity of a given material governed by the equation. 

The solution to its initial-value problem, where the initial temperature ( ,0) ( )u x f x=  is 

given, in an infinite domain x−∞ < < ∞ , 0 t< < ∞ , is  

 
2 2exp[ ( ) 4 ]( , ) ( )

2
x tu x t f d

a t
ξ αξ ξ

π

∞

−∞

− −
= ∫ .  

 Suppose we let 0( ) ( )f x x xδ= − , where ( )xδ  is the Dirac delta function, the solution 

reduces to 
2 2

0exp[ ( ) 4 ]
( , )

2
x x t

u x t
t

α
α π

− −
= . What is the physical meaning of this solution? 

Is there anything unphysical in this solution? Why? (8%) 

5. Consider a set of orthonormal functions ( )k xφ  obtained from a set of linearly 

independent function ( )k xφ  and given by: 

1 11 1( ) ( )x c xφ ϕ=  

2 21 1 22 2( ) ( ) ( )x c x c xφ ϕ ϕ= +  

3 31 1 32 2 33 3( ) ( ) ( ) ( )x c x c x c xφ ϕ ϕ ϕ= + +  

…………………………….where c’s are constants to be determined. 

Please generate a set of polynomials ( )k xφ  orthonormal in the interval ( 1,1)−  from the 

sequence 2 3{1, , , , ...........}x x xϕ  and derive the first three terms 1 2( ), ( ),x xφ φ and 

3 ( )xφ . From this orthonormalization process, which type of special function can be 

obtained? (10%) 

6. A signal ( )f t  has its corresponding Fourier spectrum of 2
4( )

4
F ω

ω
=

+
. Use the 

Fourier transform to find ( )f t , t−∞ < < ∞ . (8%) 

7. (12%) 

(1) Expand the function 2( ) 1f x x= − , 1 1
2 2

x− ≤ ≤  into Fourier series. 
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(2) From (1), find the series 1 1 1 11 ?
4 9 16 25

− + − + − =""  

(3) Given that the finite Fourier cosine transform of ( )f t , 10
2

t< <  is 

1

2 2

11 0
24

( )
( 1) 1,2,3,
4

c n

n
F n

n
n π

−

⎧ =⎪⎪= ⎨
−⎪ =⎪⎩

�

"
      Find ( )f t . 

8. Imagine you worked as a mechanical engineer and were asked to design a spacecraft able 

to perform atmospheric reentry, that is, entering and travelling through the gases of a 

planet’s atmosphere from outer space (Fig. 1). Consider the following questions: (10%) 

(1) During the later stage (at lower altitudes, as air density increases, depicted 

schematically from point 1 to point 2 on the trajectory in Fig. 1) of the atmospheric 

reentry, the spacecraft heats up due to the friction with the atmosphere of the planet. 

To analyze the temperature distribution of the thermal insulator on the surface of the 

spacecraft (see inset of Fig. 1), a revised heat equation with a time dependent heat 

source ( )h hq q t=  is necessary. Please write it down (a derivation is not required) 

and qualitatively draw ( )hq t  from 1t (time at point 1) to 2t (time at point 2). 

(2) To prevent the spacecraft from burning up during the reentry, a cooling system (see 

inset of Fig. 1) has to be designed. Now, the temperature distribution of the thermal 

insulator on the spacecraft is governed by the heat equation with a heat source 

( )h hq q t=  and a heat sink ( )c cq q t= . Please write it down (a derivation is not 

required) and qualitatively draw ( )cq t  from 1t (time at point 1) to 2t (time at point 2) 

based on your own design. 

(3) Please define an initial boundary value problem (IBVP) of a piece of the thermal 

insulator governed by the heat equation in (2). Briefly explain why your IBVP can 

help you understand the behavior of the thermal insulator during reentry. 

(4) Suppose your IBVP in (3) is too complicated to be solve analytically. What other 

approaches you may use to tackle it? 

(5) Using the new approaches in (4) other than looking for an analytic solution, how do 

you verify that they do work properly? 
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Fig. 1. Schematic of atmospheric reentry. 
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1. ( ) [ ( ) ( 5)] 1 ( 5) 2 ( ) ( 5)f t u t u t u t u t u t= − − ⋅ + − ⋅ = + − , 0 51 1[ ( )] s sL f t e e
s s

− −= +  

[ ] [ ( )]L y y L f t′ + = , 01 ( )s ssY Y e e
s

− −+ = + , 01 ( )
( 1)

s sY e e
s s

− −= +
+

 

1 1 0 11 1 1 1[ ]
1 1

s sy L Y L e L e
s s s s

− − − − −⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞= = − + −⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥+ +⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦
 

( 1)( ) (1 ) ( 1) [1 ]t ty u t e u t e− − −= ⋅ − + − ⋅ −  

2.  

[ ]

1 1 2 3 4
1 1 2 3 4

1, 2, 3, 4
1 1 2 3 4
1 1 2 3 4

A

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥= =
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

 

12

13

14

1 2 3 4
0 0 0 0( 1)

( 1) 0 0 0 0
( 1)

0 0 0 0

RA R
R

⎡ ⎤
⎢ ⎥

− ⎢ ⎥⎯⎯⎯⎯→− ⎢ ⎥
− ⎢ ⎥

⎣ ⎦

 

(1) rank( ) 1A =  

(2) {(1, 2, 3, 4)} 為 row( )A 基底 

(3) 

1
1
1
1

⎧ ⎫⎡ ⎤
⎪ ⎪⎢ ⎥
⎪ ⎪⎢ ⎥⎨ ⎬⎢ ⎥⎪ ⎪⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

為 col( )A 基底 

(4) Ax b=
G G

， 

1

2
1 2 3 4

3

4

[ ]

x
x

A A A A b
x
x

⎡ ⎤
⎢ ⎥
⎢ ⎥ =
⎢ ⎥
⎢ ⎥
⎣ ⎦

JJG JJG JJG JJG G
, 1 1 2 2 3 3 4 4x A x A x A x A b+ + + =

JJG JJG JJG JJG G
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1 2 3 4

1 2 3 4
1 2 3 4
1 2 3 4
1 2 3 4

x x x x b

⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥+ + + =
⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦

G
, 1 2 3 4

1
1

( 2 3 4 )
1
1

b x x x x

⎡ ⎤
⎢ ⎥
⎢ ⎥= + + +
⎢ ⎥
⎢ ⎥
⎣ ⎦

G
 

取

1
1

col( )
1
1

b Aα

⎡ ⎤
⎢ ⎥
⎢ ⎥= ∈
⎢ ⎥
⎢ ⎥
⎣ ⎦

G
, α 為任意數, Ax b=

G G
, x
G
有解 

(5) 矩陣 A四列平行, det( ) 0A =  

(6) Ax xλ=
G G

, ( ) 0A I xλ− =
G G

 

1

2

3

4

1 2 3 4
1 2 3 4

0
1 2 3 4
1 2 3 4

x
x
x
x

λ
λ

λ
λ

− ⎡ ⎤⎡ ⎤
⎢ ⎥⎢ ⎥− ⎢ ⎥⎢ ⎥ =
⎢ ⎥⎢ ⎥−
⎢ ⎥⎢ ⎥

−⎣ ⎦⎣ ⎦

G
 

當 0λ = , 1 1 2 2 3 3x c X c X c X= + +
G JJG JJJG JJJG

, 對應三個特徵向量 

0λ = 至少三重根, 1 2 3 0λ λ λ= = =  

又 1 2 3 4 ( )rt Aλ λ λ λ+ + + = , 40 0 0 1 2 3 4λ+ + + = + + + , 4 10λ =  
3 ( 10) ( )m nA Iλ λ λ αλ λ β− = − = − , 得 1β = , 3m = , 1n =  

(7) 當 1 2 3 0λ λ λ= = = 代入 Ax xλ=
G G

, 只有一個有效方程式 

1 2 3 42 3 4 0x x x x+ + + =  

1 2 3 1 1 2 2 3 3

4 2 3
0 1 0
0 0 1
1 0 0

x c c c c X c X c X

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥−⎢ ⎥ ⎢ ⎥ ⎢ ⎥= + + = + +
⎢ ⎥ ⎢ ⎥ ⎢ ⎥−
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
−⎣ ⎦ ⎣ ⎦ ⎣ ⎦

G JJG JJJG JJJG
 

1 2 3{ , , }X X X
JJG JJJG JJJG

為特徵空間 ( 0)E λ = 基底, 得 dim ( 0) 3E λ = =  

(8) 當 4 10λ = , 代入 ( ) 0A I xλ− =
G G

 

1

2

3

4

9 2 3 4
1 8 3 4

0
1 2 7 4
1 2 3 6

x
x
x
x

− ⎡ ⎤⎡ ⎤
⎢ ⎥⎢ ⎥− ⎢ ⎥⎢ ⎥ =
⎢ ⎥⎢ ⎥−
⎢ ⎥⎢ ⎥

−⎣ ⎦⎣ ⎦

G
,    4 4 4

1
1
1
1

x c c X

⎡ ⎤
⎢ ⎥
⎢ ⎥= =
⎢ ⎥
⎢ ⎥
⎣ ⎦

G JJJG
 

將 A對角化, 1A SDS −=  
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1 2 3 4

4 2 3 1
0 1 0 1

[ ]
0 0 1 1
1 0 0 1

S X X X X

⎡ ⎤
⎢ ⎥−⎢ ⎥= =
⎢ ⎥−
⎢ ⎥
−⎣ ⎦

JJG JJJG JJJG JJJG
, 

1

2

3

4

0 0 00 0 0 0
0 0 00 0 0 0
0 0 00 0 0 0
0 0 00 0 0 10

D

λ
λ

λ
λ

⎡ ⎤⎡ ⎤
⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥= =
⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥

⎣ ⎦ ⎣ ⎦

 

x Ax′ =
G G

, 令 x S y=
G JG

, 1S y SDS S y−′ = ⋅
JG JG

, y Dy′ =
JG JG

 

1 1

2 2

3 3

4 4

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 10

y y
y y
y y
y y

′⎡ ⎤ ⎡ ⎤⎡ ⎤
⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥=
⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥

⎣ ⎦⎣ ⎦ ⎣ ⎦

, 

1 11

2 22

3 33
10

4 4 4 4

,0
,0
,0

10 , t

y cy
y cy
y cy

y y y c e

=′ =
=′ =
=′ =

′ = =

 

1

2 10
1 2 3 4 1 1 2 2 3 3 4 4

3
10

4

[ ] t

t

c
c

x S y X X X X c X c X c X c X ec

c e

⎡ ⎤
⎢ ⎥
⎢ ⎥= = = + + +⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

G JG JJG JJJG JJJG JJJG JJG JJJG JJJG JJJG
 

10
1 2 3 4

4 2 3 1
0 1 0 1
0 0 1 1
1 0 0 1

tx c c c c e

⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥−⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥= + + +
⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥−
⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥
−⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦

G
 

代入條件 

1 2 3 4

0 4 2 3 1
1 0 1 0 1

(0)
1 0 0 1 1
5 1 0 0 1

x c c c c

⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥−⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥= = + + +
⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥−
⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥

−⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦

G
, 1 2

3 4

2.5 , 1.5
1.5 , 2.5

c c
c c
= − =
= =

 

10

10
10

10

10

2.5 2.54 2 3 1
0 1 0 1 1.5 2.5

2.5 1.5 1.5 2.5
0 0 1 1 1.5 2.5
1 0 0 1 2.5 2.5

t

t
t

t

t

e

e
x e

e

e

⎡ ⎤− +⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥− − +⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥= − + + + = ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥− − +⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦ +⎣ ⎦

G
 

3. (1) u∇ 為向量, 具有大小與方向, u∇ 方向為等溫度面 ( , ) cost.u x y = 之法向量 n
G
。 

u∇ 大小
n

duu
dx

∇ = G 為 u在 n
G
方向之方向導數 

(2) 
0

1lim
CA

v v nds
A∆ →

∇ ⋅ = ⋅
∆ ∫

G G G
v 為封閉曲線 c之淨流出適量, c為平面 A之邊界曲線。 

以流力的立場, v∇⋅
G
為單位面積速度 v

G
產生率。 
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(3) 2 1v v
v k

x y
⎛ ⎞∂ ∂

∇× = −⎜ ⎟∂ ∂⎝ ⎠

G G
為 k
G
方向溫度 

(4) u−∇ 為熱傳導方向, 即降溫最快方向 

當 0v∇⋅ ≠
G

, v
G
為可壓縮流場。當 0v∇⋅ =

G
, v
G
為不可壓縮流場。 

當 0v∇× =
G

, v
G
為非旋向量場。 

4. 在一維熱傳導中, x−∞ < < ∞ , 初始 0t = 時, 於位置 0x 處溫度是 1,  

其餘 0( )x x≠ 位置溫度 ( ,0) 0u x = , 隨著 t增加, 熱往兩端 x = ±∞散去, 

平板溫度降低 2 2
0

1 1( , ) exp ( )
42

u x t x x t
t

α
α π

⎡ ⎤= − −⎢ ⎥⎣ ⎦
, 離點 0x 越遠, 即 2

0( )x x− 愈大, 

受到熱阻影響, 溫度 ( , )u x t 愈低。違反物理意義之處為, 在 0t += ,  

溫度 01( ,0)
2 0

u x e
α π

−= = ∞
⋅

, 不合理。 

5. 先建立 orthogonal polynomials 1 2 3{ , , , }u u u "  

取 1 1u = , 
1

1 1 1 11
, 2u u u u dx

−
= =∫ , 2

1 2u = , 1 2u = , 

1
2 1

1 1

,
,
x u

u x u
u u

= − , 
1 1

1 11 1
, 1 0x u x u dx x dx

− −
= ⋅ = ⋅ =∫ ∫ , 2u x=  

1 12
2 2 2 2 21 1

2,
3

u u u u u dx xxdx
− −

= = = =∫ ∫ , 2
2
3

u =  

2 2
1 22

3 1 2
1 1 2 2

, ,

, ,

x u x u
u x u u

u u u u
= − −  

1 12 2 2
1 11 1

2, 1
3

x u x u dx x dx
− −

= ⋅ = ⋅ =∫ ∫  

1 12 2 2
2 21 1

, 0x u x u dx x xdx
− −

= ⋅ = ⋅ =∫ ∫  

2 2
3

2
13 1

2 3
u x x= − ⋅ = − , 

212 2
3 3 3 1

1,
3

u u u x dx
−

⎛ ⎞= = −⎜ ⎟
⎝ ⎠∫  

12 4 2
3 0

2 1 1 2 1 82 2
3 9 5 9 9 45

u x x dx⎛ ⎞ ⎛ ⎞= − + = − + =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠∫  

取 1
1

1

( ) 1( )
( ) 2

u x
x

u x
φ = = , 2

2
2

3( )
2

u
x x

u
φ = = , 23

3
3

45 1( )
8 3

u
x x

u
φ ⎛ ⎞= = −⎜ ⎟

⎝ ⎠
 

Legendre polynomicals 0 1 2{ ( ), ( ), ( ), , ( ), }np x p x p x p x" " 為 1 1x− < < 之 

orthogonal set 
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0
1

0

( )
( )

( )
p x

x
p x

φ = , 1
2

1

( )
( )

( )
p x

x
p x

φ = , 2
3

2

( )
( )

( )
p x

x
p x

φ = , " , 1

1

( )
( )

( )
n

n
n

p x
x

p x
φ −

−
=  

6. 1
2 2

1 4 4 1( ) [ ( )]
2 24 4

i t ixtf t F F e d e dx
x

ωω ω
π πω

∞ ∞−

−∞ −∞
= = =

+ +∫ ∫  

當 0t > , 走樓上 

c+

−∞ ∞

i 2i

 

2 2
1 1 2 Res(2 )

4 4
izt ixt

c
e dz e dx i i

z x
π

+

∞

−∞
+ = ⋅

+ +∫ ∫  

on : ,ic z Re Rθ+ = → ∞  

2 2 2 2 20 0

1

0
4 4

iizt itRe
i i

i ic

e e Rtdz iRe d iRe d
z R e R e

θ
π πθ θ

θ θθ θ
+

= = =
+ +∫ ∫ ∫  

2
22

1Res(2 ) lim ( 2 )
2 44

izt izt
t

z i

e ei z i e
z iz

−

→
= − = =

+
 代入留數定理 

210 ( ) 2
2 4

tf t i e
i

π π −+ = ⋅ , 2( ) tf t e−= , 0t >  

當 0t < , 走樓下 

c−

R− R→∞
i 2i−

 

2 2 2 Res( 2 )
4 4

ixt izt

c

e edx dz i i
x z

π
−

∞

−∞
+ = − ⋅ −

+ +∫ ∫  

on : ,ic z Re Rθ− = → ∞  

2 2 2 2 22 2

1

0
4 4

iizt itRe
i i

i ic

e e iRdz iRe d iRe d
z R e R e

θ
π πθ θ

θ θπ π
θ θ

−
= = =

+ +∫ ∫ ∫  

2

22
Res( 2 ) lim ( 2 )

2 44

izt izt t

z i

e e ei z i
z iz→−

− = + = =
−+

 代入留數定理 

2
( ) 0 2

2 4

tef t i
i

π π+ = − ⋅
−

, 2( ) tf t e= , 0t <  
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2

2

, 0
( )

, 0

t

t

e t
f t

e t

−⎧ >⎪= ⎨
<⎪⎩

 , 得 21
2
4( )

4
tf T F e

ω
−− ⎡ ⎤= =⎢ ⎥+⎣ ⎦

, t−∞ < < ∞  

7.  

1
( )f x

1
2

3
2

3
2

−
1
2

−

x

 
(1) ( )f x  is even, 取 Fourier cosine series 

0
1

( ) cos 2n
n

f x a a n xπ
∞

=

= +∑ , 
1 1

22 2
0 0 0

1 11( ) 2 (1 )
1 12
2

a f x dx x dx= = − =∫ ∫  

1 1
22 2

0 0

1 1
22 2

00

1 1
2 2

2 2 2 2 2 200

1 ( ) cos 2 4 (1 )cos 2
1
4

4 8(1 )sin 2 sin 2
2 2

8 8 1cos 2 cos 2 ( 1)
4 4

n

n

a f x n xdx x n xdx

x n x x n xdx
n n

x nx n xdx
n n n

π π

π π
π π

π
π π π

= = −

= − +

= − + = − −

∫ ∫

∫

∫

 

得 1
2 2

1

11 1( ) ( 1) cos 2
12

n

n
f x n x

n
π

π

∞
+

=

= + −∑  

(2) 2 2 2 2 2
11 1 1 1 1 1( ) cos 2 cos 4 cos 6 cos8
12 1 2 3 4

f x x x x xπ π π π
π

⎡ ⎤= + − + − +⎢ ⎥⎣ ⎦
"  

at 0x = , 級數收斂到 (0) 1f =  

2 2 2 2 2
11 1 1 1 1 11
12 1 2 3 4π

⎡ ⎤= + − + − +⎢ ⎥⎣ ⎦
"  

得
21 1 1 11

4 9 16 25 12
π

− + − + − ="  

(3) ( )f t 定義於
10
2

t< < , 取 ( )f t 之 Fourier cosine series 

0
1

( ) cos 2n
n

f t a a n tπ
∞

=

= +∑  
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1 1 1
2

2 2 2 20

( 1) ( 1)( ) 4 ( ) cos 2
4 4

n n

n ca F n f t n tdt
n n

π
π π

− +− −
= = = =∫  

與(1), 取 21( )
4

f t k t= −  

1
2

0
( ) 4 ( ) cos 2nF n f t ntdt= ∫  

1
2

0 0
2 ( )a f t dt= ∫ , 又

1
2

0

11( 0) 4 ( )cos 0
24cF n f t dt= = ⋅ =∫  

1
22

0

1 114
4 24

k t dt⎛ ⎞− =⎜ ⎟
⎝ ⎠∫ , 1 1 1 11

2 12 8 96
k − ⋅ = , 1 12

2 96
k = , 1

4
k =  

得 21 1( )
4 4

f t t= − , 10
2

t< <  

第 8 題為熱傳學，請參考相關書籍 


