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A semi-infinite plate coincides with the region defined by 0<x <7z, y>0. The left end
is at temperature, u(0,y)=¢ ", and the right end is held at temperature zero. The bottom
of the plate is insulated. Please solve the boundary-value problem for the stead-state

temperature u(x,y) . (10%)

_2¢»  sinh[s(a)]
utey)y=— J, (@) sinh[r(@)]) @9
(A) r(a)=ax (B) s(e)=a(r-y)
(C) s(a)=a(r-x) (D) ta)=1+da’

(BE) t(a)=1+ax

Use the result jw exp(—x?)dx = J7 to find the Fourier integral transform

Fa)= " expl-2"/(4p*)Jexpliax)dx = s(pW7 expl-1(p)a’] (10%)

(A) s(p)=-2p  (B) s(p)=p’ (©) s(p)=2p (D) 1(p)=4p’

(E) #(p)=p’

The vertical displacement u(x,7) of an infinitely long string is determined from the
2 2,

initial-value problem azz—gzg . The string is released from rest from the initial
X i

displacement f(x) = exp(—xz) . (5%)
u(x, 1) = exp[—x” + s(¢)]cosh[r(#)x]

(A) s(1)=—a’t? (B) s(f)=—2at (C) r(t)=—2at (D) r(f) = at

(E) r(¢)=2at

Consider a dynamic system with a time-varying state x(z) which satisfies the following
differential equation:

(¢ =3)x"+40x'+2x=0, 20.
Under the conditions x(0) € (1,3) and x'(0) € (—1,1), find all possible values of x(3)
from below. (10%)



aEAg =i
H

-4 ®B-2 ©o0 @IY2 (®I

Hint: Use power series to solve x(¢) and simplify your solution

5. Solve the following initial value problem: »(0)=1, »'(0)=3, and

, 0 x<O0
y —y=g()6)={x3 50
Choose from below the value of (y(-1), ¥(1)) . (10%)
(A) (Se—4e =7, 57 —de+7) (B) (Se—4e™' =7, 2¢7 —¢)
(C) Qe—e', 5¢7 —de+7) (D) (2e—e!, 2¢7' —¢)

(E) None of the above

6. A function y(x) satisfies (3')> =9x*y, 1(0)=0. Find all possible values of y'(-2)
from below. (5%)
(A)-16 (B)0 (C)24 (D)-32  (E)-48
7. Use Gaussian elimination procedures to find the nullity of the matrix below: (10%)
1 0 -2 -1 0 -1

2 -1 6 2 0 -4
0 1 2 1 1 1
-1 2 6 3 1 2

Ao  ®B»1 ©2 O3 ®4+ ES

8. Suppose that T': R®* > R® is the reflection of R® about the x-y plane. Which of the

following statements are true (multiple choice): (15%)

0
(A) The null space of T is 4|0
1
(B) T is one-to-one
(C) T is onto,
-1 0 0
(D) The standard matrixof 7 is | 0 -1 0
0 0 1
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9.

10.

11.

Given the matrix below (10%)
010
0 0 1
1 00

which of the following statements is (are) true? (10%)
(A) The columns form an orthonormal basis for the plane R®.

(B) The rows are orthonormal.

(C) The inverse of this matrix is

S = O
(=
- o O

(D) The inverse of this matrix is its transpose.
(E) None of the above.
For the matrix below (10%)

010

0 01
1 00

which of the following statements is (are) true?

(A) 1 is its eigenvalue. (B) -1 isits eigenvalue.

(C) It has only real eigenvalue(s). (D) It has complex eigenvalue(s).
(E) None of the above.

The eigenvectors of matrix A are put into the columns of the eigenvector matrix S . If
the eigenvectors of A are linearly independent, then which of the following statements
is (are) true?

(A) § isinvertible. (B) § is diagonalizable.

(C) 4 isinvertible. (D) A4 isdiagonalizable.

(E) None of the above.
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1.

2. - F [e_"x2 1= _[00 e e gy = \/Z e 4a
o a

2 2
6—Z+6—L2‘=0, O<x<m, 0<y<wo
ox~ 0oy
u@,y)=e”, u(r,y)=0, u,(x,0)=0
HY y 7718 Fourier cosine f&47

2 p> 0
u=;J‘o Acosayda , Azj.o u(x, y)cosaydy
J.waz—ucosaydy+.[waz—ucosaydy=0 R FE ST — K
0 ox? 0 gy? ' o

2
%A—a2A=O, A=c cosha(x—r)+c,sinha(x—rx)
X

N A= J.: u(x,y)cosaydy

Wx=r, u(z,y)=0, 4=0, ¢, =0

x=0, u(0,y)=¢"”, A:I:e_ycosaydy: ! >

I+

¢, -sinh(—ar) = ) = L
g 1+a?” 7 1+a? sinhar
A —12. . 1 sinh a(x—7) = lz.smh.a(ﬁ—x)

1+¢a” sinhar I+ sinh ar
KA uzgijcosayda

Y0

u=£_|‘E>O ! -Smh.a(ﬂ_x)cosayda

790 1442 sinh oz
MEHEKE u(x,y)= EJ' » 1 sinhls(@)] cosayda

770 t(a) sinh[r(a)]
Hta)=1+ a’, rley=ar, s(a)=a(r—x)

KRREHY(C), (D)

WZ
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At _[ T e M gy = \/ze“a
- P

x2

—0

Hs(p)=2p. t(p)=p*, FHEEC), (B)

2
3. F{a} Bt”} ETIRER u(zo0, ) =0

o’
2

J‘w eimemxdx = \/4p27re_pz”’2 =2pre”?

@ = s(p) N7 expl~t(p)a’]

d
—-a sz——U (D, 21 wWHU =0, U = ¢, cosawt + ¢, sinawt

U = Flu(x,0)] = jj’ u(x,0)e ™ dx

BEEEME u,(x,0)=0, u(x,0)= f(x)=e "

w

—00

H t=0, ¢ = jjow u(x,0)e ™ dx = Ii e

- j“’ u,(x,00e ™ dx = [ 0e™dx =0,

2

2 s —
e ™ dx =~mre *

1,
—W _ 1 ®© .
U=+rme* cosawt, u=F '[U=—| Ue™dw
29—

1

1 © _sz iwx

——J. Nme cosawt-e'"dw
71' —00
2

tawt —tawt)eiwx e_ZW dw

zfj—wz

1>
00 —W . .
e 4 [ezw(xfat) +ezw(x+at) ]dw

1
.

w
j e e™dx=,—e %
o \

u(x,t)zT 1/ e at)® +/4 e (x+at)

1. .2 2.2 2 2.2
2[@ (x 2axt+a’t )+e (x“+2axt+a"t )]

1 .2, 22
—e (x +at)_[eZaxt

—Zaxt]

u= +e

= exp(—x2 —-a

2£2). cosh 2axt

Y u=exp[-x? +s(£)]-cosh[r(H)x], B s(t) =—a’t>, r(f)="2at

105-6



KREH(A), (E)

o (3" A +2x =0, Fx(0)=¢, x'(0)=c,
x(t)=x(0)+x'(0)t+%x”(0)-t2+%x"’(0)t3+~--, l-0]<V3, V3<t<+3

t=3, fRARh, #f, MEET x3)
HIZFFEL ¢+ =/3, 0 Frobenius series

x(t)=(t—ﬁ)’icn(t—ﬁ)", 0<‘t—x/§‘<oo, fz=1-3, 0<|z <o
n=0

x(z)=z" i ¢, z" fLA ODE, x(z)= i c,z""

n=0 n=0
[(z+~/3)? =3]x"(z) + 4(z +3)x'(2) + 2x(2) = 0
(22 +2432)x"(2) + 4z X' (2) + 43 - X'(2) + 2x(2) = 0
zzx”+2x/§z-x”+4z-x'+4\/§x'+2x: 0
i (n+r)(n+r—1l)c,z"" + i 23 (n+r)(n+r—T), 2"

n=0 n=0

+ Z dn+ryc,z"" + z 4\B3(n+r)e, 2"+ Z 2¢,z2"" =0
n=0 n=0 n=0
Z (n+r)(n+r—1+4)c,-z""
n=0

+ i [23(n+r)? =2B(n+r)+4L3(n+r)+2]c, 2" =0

n=0
AR R TR,
x=c,(t=3)i[1+a(t —~B3)+o(t—/3)% +--]
+0,y (1 =~3)2[1+a(t —~/3) +0(1 =/3)% +- -]
KA X0), x'0) A, o
fliam © AREFEHE s 238 o A
R (1 =3)x"+4x'+2x =0, B2 ODE
[(t* =3)-x'] —2tx"+ 46’ +2x =0, [(£2 =3)x'] +2tx'+2x =0
(12 =3)xT+Q2x) =0, FEDF—R, (*-3)x'+2x=¢

RAL=0, -3x'(0)=¢, 15 (* —3)%+ 2x=¢

(% =3)dx +2txdt = ¢,dt, (12 =3)dx +xd(t* =3) = ¢dt
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(> -3)x=qt+c,, KAr=0, -3x(0)=c,

3
x(0)
2-3

G & t '
X=——t+ , X(t) = —5——(=3x"(0)) +
2-3 -3 2-3

=2 (30210 =20~ 110
v 1<x(0)<3, -1<x'(0)<1
-3 1
max. x(3)_7-(—l)—5-1_1
min. x(3)=_?3~ —%3:—3, % -3<x(3)<1

AHH(B), (C), (D)

. g =ux)-x, L[y -y]=Llg(x)]

[s°Y —sp(0)— y'(0)]-Y =™ - L[x’]

(s2—1)Y—s—3=e_0S«£4, Y=S2;3+%efos
N s*—1 s7(s"-1
Y:i+__1+ __6+__6+i+__3 e—OS
s—1 s+1 2 st s—1 s+l

y=LY]=2¢" —¢ " +u(x)-[-6x—x> +3¢* =3¢ ]
y(==2e"-¢€', yA)=2e—e ' +(-6-1+3e-3¢")
y()=5e—4e' -7

(y(=1), y(1)) = (2e " —e, Se—4e” = 7), AREHL(E)

. y'=ir3x2\/;, d—\/z=i3x2dx, 2y =+’ +¢, y={i !

¥
15 YV . 1
y=| ¥ ta A »(0)=0, ¢ =0, y=x

’ 3 5 ' 3 5
=2x, y'(=2)=>(-2)° =-48
y=3 Y'(=2) 2( )

“+ p(x)=0i/E ODE, tifi/EEt: y(0)=0, 2, 15 )'(-2)=0

KREH(B), (E)



1 0 =2 -1 0 -1 1 0 =2 -1 0 -1
A_z -1 =6 =2 0 -4 R (=2) |0 -1 =2 0 0 -2
o 1 2 11 1] RM o1 2 11 1
-1 2 6 3 1 2 0 2 4 2 1 1
1 0 =2 -1 0 -1 1 0 =2 -1 0 -1
R,(1) |0 -1 =2 0 0 -2 R(1)012002
R2 Jo 0 0 1 1 1| R 00 0 1 1 -1
00 0 2 1 00 0 0 -1 -1
rank(A) =4, M rank(A)+nullity(A) =6, nullity(4) =2
AKREHL(C)
8.
2z Tl
> xy I
17 1 0] [0 0 0 10 0
Tlo|=|o|, T|1|=|1|, T|lo|=|0]|, BT=/0 1 0
0| |o 0| |0 1 -1 0 0 -1

T=T"=T", THH, TH—%—H omto, N(T)={0}
AEHUB), ()

9.
010 0 0 1
A=|0 0 1|, A" =4"=|1 0 0
1 00 010

A HEF—1EAZ &, & col(4), row(A4) REE
A ZITER R Zid— EREIE, {HE R TE plane
AREH(B), (D)
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10.
-2 1 0
|[A-A1]=|0 -4 1|=-2+1=—(A-D(A*+1+])
1 0 -2

A=1, %(—11\/51')

AEHL(A), (D)

11. A RS BESR G, 4 AT A 4= SDS™
Hig A R—En5th o S aff, S A —EnlAaql
AREHL(A), (D)
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