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1. Solve the following ordinary differential equation (14%)
y"+%y'+(l—$)y =0
(1) Rewrite this ODE into a Quasi-Euler Equation (2%)
(x=x0) @py"+ (x = x0) ' + 7(x)y =0
(2) What is the regular singular point x, ? (2%)
(3) Find the general solution. (10%)

2. Expand the following equation into a Fourier series (10%)
f(x)=x*, -r<x<nx

(1) Is f(x) an even function or an odd function? (2%)

(2) Find the Fourier series. Check your solution, does it match your answer in question
2(A4) ? (8%)

3. Verify the following Laplace transform (9%)
3
a
Llat +sinat] = —————
s*(s* +a%)

4. Evaluate the integral along the curve C counter-clockwisely (8%)

- 2
+5x° |dx+ —6 d

where C is the boundary of a triangle with vertices (-1, —1), (2,-1), (-1,2).

-1.2) %

X

(-1,-1 (2,-1)
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5. (1) Find the solution u(x,¢) of the following initial-boundary value problem (20%)
2
8_124:8_u+4u , 0<x<1,t>0
Ox
u(0,£)=0 , >0
u(1,#) =sinh 2 , >0

u(x,0)=sin3zx , 0<x<l
(2) Find u(1/3,7) as t—> . (5%)

6. Let 4,B and C be nxn matrices. (34%)
(1) Derive the algebraic decomposition: (4%)
A= AVM +Aanti

where A™" and A" are respectively symmetric and antisymmetric matrices.

n
(2) Denote trace(A)zZAii. Find trace(BC') where B and C are respectively

i=1
symmetric and anti-symmetric matrices, and C” denote the transpose of C .
Note (BC); =iBijC % 18 a nxn matrix. Note that BC represents the matrix
j=1
multiplication of matrices B and C.(5%)

(3) Given B and C being respectively 3x3 symmetric and anti-symmetric matrices,
find their associated eigenvalues and eigenvectors (or the governing equations for
these eigenvalues and eigenvectors). (10%)

(4) Given B being respectively nxn symmetric matrix, show that B can be
diagonalized. (5%)

(5) Consider the following equation (5%)

Bx=f

where B nxn is a symmetric matrix, and x and f are respectrively are nx1
vectors. Solve x (B and f are known) utilizing the diagonalizable property of
B.

(6) The two matrices B and C are called similar if there exists a nonsingular matrix
P such that B=PCP'. Show that B and C possess the same eigenvalues.

What is the relationship between the eigenvectors of B and C ?
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1. (1) y'+—y +(1——2jy=0, x 4y"+x-4y"+(4x" -1y =0
X 4x
% Quasi Euler ODE
Q) x, =oﬁj.%ﬁ |5y L
1, 1, 1Y 11 1-1
3 - ey QPP p =l |2 o
(3) p(x)=—, Ox) 42 0 2P 5P ( 4x2) 22 2.2
Hu =exp[f—lpdx} =exp[J‘—lldx} =exp(—llnxj=L
2 2x 2 Jx
1 3 1 =5 3 L
y=vu=x 2v, y'=—5x 2y+x ', y"=Zx2v—x 2y +x 2y

X A ODE y”+ly’+(1—%jy:0
X

4x

3 3 3 L i1 2 1) -4
=x2v—x 2W4x 2V |+—| —=x 2v+x 2V [+|]-—|x 2v=0
4 x| 2 4x*

1 1
75 " ’ 75 — " — — .
x 2W'+0'+x 2v=0, v"+v=0, v=ccosx+c,sinx
1

. 1
gy = x2v—c1 \/_cosx+cz \/,smx

2. (1) f(x) iseven, HY Fourier cosine series
= 17 1¢7 2 1 2
2 X)=a,+ ) a,cosnx, a, =— X)dx=—| x‘dx=—nx
@) [@=a+2a o=—[, Sdx=—[ 3

pa

27 27 2 .
anz—J. f(x)cosnxdxz—.[ x* cos nxdx =——x* sin nx
do 70

nrw

4 ¢z
——| xsinnxdx
o nmreo

x=0

_ 4
p =5 XCosnx
n°r

a

4 4
=—cosnr =—(-1)"
n’ n’

X=7

f(x)_gﬂ +Z—( 1)" cosnx

n=1 1
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f(=x)= %71'2 + i ’;iz(—l)" cosn(—x) = %;:2 + i ;iz(—l)” cosnx = f(x)

n=l1 n=l1
f(x) FEE R AR
. . a a a[(s2 +a2)+sz] a +(a-i—1)s2
Llat +sinat] = L{at]+ L[sin at] =s_2+ EPpE: = SZ(SZ +a2) = SZ(SZ +a2)

1 (l3 1 1 1
%ﬁﬁ L ﬁ =L a(—z— > 2) :at—sinat
s°(s”+a’) s° s"+a

-y X 24
gﬁc[xz +y2 dx + = +y2 dy}—i—(ﬁc (5x"dx—6ydy)
_ 1y 53 ,2)_ 53 4,02
—(ﬁcdtan x+q‘>cd(3x 3y j-(j)cd49+qscd(3x 3y ]
=27r+0=2r

B u(x, )= wx, ) +v(x), EAv(x) = lim u(x,r) BIEREME

2
?ﬁ%ﬁ%=0+4v, v = cosh2x+c, sinh 2x
X

v0)=0, ¢, =0, v(I)=sinh2, ¢, =1, f§v=sinh2x

2
f%u=w+v=wssinh2x LA PDE Z—Z=%+4u
X

2

s—z(w +sinh 2x) = %(w +sinh 2x) + 4(w+ sinh 2x)
X

o*w  ow
—=—+4w, w0,0)=0, w(l,t)=0
o’ o ©.0 0

w(x,0) =sin3zx—sinh 2x

HY Fourier sine series
2 . 1
w= —ZB,, sinnzx, B, = j wsin nzxdx
1 n=1 0
162 1 1
j 6—Wsin nrxdx = I 6_w sin nzxdx + I 4wsin nzxdx
0 ox? 0 o 0
d
-n*7°B, = —But4B,, D+ (n*z* +4)]B, =0

1
B, = cexp[—(n*z* +4)], LB, = Io w(x, t)sin nzxdx

105-35



TEBBRSEREQ)

1 1

t=0, B, = jo w(x,0)sin nzxdx = J. . (sin37x —sinh 2x) sin nzxdx
1 1

c= j sin37x - sin nxxdx — I 1 (e** —e ™) sin nwxdx
0 02

sinnzx

1 . 1 .

j e™ sinnmxdx =—e“ sinnzrx = e™
0 D D+a

1

. 1 .
=" ———sinnzx = e ————(nrcosnzx —asinnzx)
D" ~a -n"r"—a

x=0
_ 1 a n _ nrw n _a
—m[@ 'nﬂ'(—l) —nﬂ']—ﬁ[l—(—l) e ]

=%5(n 3)—— {[1 -1’ 1-[1-(-D"e 1}

c=Lsw —3)+””( ) sinh 2
2 244

{ o(n—-3)+ %sth} exp[— (n27z2+4)t]

KAw= 22 B, sinnzx
n=1
0 _ n
w= 22 lé'(n -3+ nf(Tl)sinh 2 exp[—(nz/r2 +4)t]-sinnzx
2 n‘r’+4

w=exp[—(972 + 4)t]- sm37rx+2z ””( D"
ln ﬂ' +

u = w(x,t) +v(x) = w(x,t)+sinh 2x B2, w(x,0) A _LAT=
(1 ) 2 (1)
t—>o, u|l—,t|=sinh—=v|—
3 3 3

6. () A=%(A+AT)+%(A_AT)’ Y= A gant

1 —— 7 sinh2-exp[—(n’7z* +4)]-sinnzx

Bk

sm_l T l T T—l r
BN 4% —2(A+A ), [2(A+A )} —2(A+A )
1 1 T 1
anti _ = _ T - _ T — T_ :__ _ T
A —2(A ATy, [2(A A )} 2(A A) 2(A AT

@) B"=B, b;=b,;, C"=-C, ¢;=—c;, ¢;=0, 4;=) B,Cj,
k=1
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n n

T A=BC", t,(BCT)=t,(A) =) 4; = > ByCy
i=l1 i=1 k=1

a b c
B=|b d e|, B'=B, Bx=Ax, (B—ADx=0
c e f
a-A b c X
b d-A e ||x|=0
c e f-A|x

|A=A1|=(a=2)d - 2)(f - 2)+2bec—[c*(d - A)+ e (a— 1) +b*(f — A)]
=—(A=A)A-)A-%4)=0

FEUE 4, 4, 4

¥ A, A, R (A= ADx =0, AR AR Y, X, x

0 a b
C=l-a 0 d|, C"=-C, Cx=4x, (C-A)x=0
b —-d 0
-A a b || x
—a -4 d ||x|=0, [c=Al|=-A[A" +(a® +b* +d7)]
b -d 1| x

I A =0, 4, =—a?+b*+d%i, A =~a>+b*+d%i
H=0, fRA(c-ADx=0

i

[0 a b][x d

—-a 0 d||x|=0, x=k|-D

|-b —d 0] x a

B A, =—d® +b*+d*i, ({A(c-ADx=0

i+ +dPi a b M
—-a \/mi d Xy =0,
—b —d Va? +b* +d%i |1
db +iaNa® +b* +d*

x=k, a* +d?

ab—diNa® +b* +d?
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B =at +b* +d%i
db—iaNa® +b* +d*

x=k; a* +d*

ab+idva® +b* +d*
(4) FIIFA Schur’s EH, A MEREAIAE E=fA{L B=sUS", §" =5"
U B E=msm, BT =Sus™) =" uTsT =su’sT
BT =B, 15S=5, SEBEBMEM, " =) =sT =57, 5 I HEkE
U=U", U RLE=AEHE, 15U =D &% mEE
B=SDST, ST =57 iEETRKERE B AT IEACE (L
(5) Bx=f, B=SDS™', s'=8", spS'.x=7, DS'x=5""f
DSTx=8"f
B ZFHAEAR R, B ALY, DALY, x=sD7'sT f
¥ B ALY, B ZFHBEARE, DAY, x B or 2R,
4y=S"'x, g=S""f, Dy=g
=0, i=1~n
Hg #0, Hly MR x =Sy HEfR
g =0, Hly BIEETEH,, x=Sy B G228
(6) |B—21|= ‘PCP’l - /11‘ - ‘PCP’l - APIP_I‘ - ‘P(C— AD)- P!
=|P[-|c-a1]-|P7|=|c - a1
B 81 ¢ AMFFHEZ TR, & B 8 C G FHE
HSBELC ZHINEN By, Bx=Ax, Cy=2y
PCP'x=2x, CP'x=P"2x, c(P'x)=A(P'x), By=P'x
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